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1. INTRODUCTION
Over the last several decades there has been an increasing interest in
the question of singularity formation in solutions of time dependent partial
differential equations and systems. See for example the bibliographies of
w x7, 9 . In most of these works, the dynamical equation contains a nonlinear
w xsource term. See for example 1, 2, 4]6, 8 as well as many of the
references cited in the bibliographies above. In this paper we look at a new
type of problem in which we have a semilinear wave equation with a
damping term in the boundary condition rather than in the equation as was
w x w xconsidered in 2 in concrete cases and in 4 in an abstract setting.
For example, instead of considering the initial-boundary value problem
2  .for u q a u q D u s f u with a G 0 and u s 0 s ­ ur­n on thet t t
2  .boundary we consider problems of the form u q D u s f u with u st t
Du q a­ u r­n s 0 on the boundary.t
The first type of problem is a special case of an abstract result for
equations of the form
Pu q A u q Au s F u , .t t 1 t
where P, A , and A are positive linear operators on some subdomain of a1
 .Hilbert space and F ? is a nonlinear function on this domain with
w xpotential F and was treated by Levine 4 . It is also assumed that
  ..  .  .u, F u G 2 2g q 1 F u for some g ) 0, for all u in the domain of F.
We know of no abstract formulation for the second type of problem
although our calculations below suggest that there should be one. For the
w xfirst type of problem the global nonexistence result Levine proved in 4 is
the following: If the energy is initially negative then the solution cannot be
 w x.global. He also proved the same result in the case that A s 0 see 6 . To1
our knowledge this was the first global nonexistence theorem for nonlinear
wave equations with damping.
Now the following question naturally arises: Can we ha¨e the same results
for our initial boundary ¨alue problems with dissipati¨ e terms in boundary
conditions?
In this paper we attempt to answer the above question. The methods
used for the investigation of initial-boundary value problems with no
dissipative terms in the boundary conditions cannot be used directly to the
problems with the dissipative terms in the boundary conditions. That is,
w xone cannot apply the abstract result of 4 directly to the three initial-
boundary value problems discussed in this paper. Whenever damping is
present, one must allow for the possibility that the data restrictions could
be more severe than without damping.
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w xThe tool used in this work is a lemma to be found in 3, 6, 8 . From now
on we'll call it the Concavity Lemma. The most crucial point in the
application of this tool is to find a functional that represents the dissipa-
tion on the boundary and satisfies the conditions of the Concavity Lemma.
w xLet us begin by stating the Concavity Lemma 6 .
LEMMA 1. Suppose that 0 - T F ` and suppose if a function
2c t g C , c t G 0, on 0, T .  . .
satisfies the inequality
2
c 0 t c t y 1 q g c 9 t G 0 on 0, T 1.1 .  .  .  . .  .
for some number g ) 0.
 .  .If c 0 ) 0, c 9 0 ) 0 then T - `, in fact for the number
c 0 .
t s 1.2 .2 gc 9 0 .
T F t and as t ª T2
c t ª q`. 1.3 .  .
 .The proof of this lemma is quite easy. One observes that from 1.1 we
 yg .have c 0 F 0 as long as c ) 0. Since the differential inequality tells us
 .that c is convex and c 9 0 ) 0, c must be increasing and hence cannot
change sign. The rest of the lemma follows from the observation that cyg
 yg  ..must be below its tangent line at 0, c 0 and that the slope of this line
is negative. Therefore the line and hence cyg must cross the t axis. The
line does so in time t while the function cyg does so in a possibly earlier2
time T.
2. THE FIRST PROBLEM
Let us assume that the initial boundary value problem,
2  .  .  .  .u q D u s f u , t, x g 0, T = V 2.1t t
­ ut .  .  .  .u s 0, Du q a x s 0, t, x g 0, T = G 2.2
­n
 .  .  .  .  .u 0, x s u x , u 0, x s ¨ x , x g V, 2.30 t 0
where V is a bounded domain in Rn with a sufficiently smooth boundary
G, T ) 0 is an arbitrary real number, n is the outward normal to the
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 .boundary, and a x is a nonnegative smooth function given on the
boundary of the domain V, as a local classical solution. We put
u
F u s f j dj , .  .H
0
then
t
F u dx s f u u dx dh .  .H HH h
V 0 V
q F u . .H 0
V
Also assume that
f u u G 2 2g q 1 F u 2.4 .  .  .  .
for some real number g ) 0 and for all u g R1.
 .We define the energy E t by
1 12 2E t s u dx q Du dx y F u dx. 2.5 .  .  .  .  .H H Ht2 2V V V
Then we can prove the following theorem about the nonexistence of global
 .  .solutions of the initial-boundary value problem 2.1 ] 2.3 :
 .THEOREM 1. Let u , ¨ be two smooth functions such that E 0 - 0.0 0
 .  .Then the solution of 2.1 ] 2.3 is not global
 .  .Proof. Suppose that u is a global solution of 2.1 ] 2.3 . We put
2­ ut2F t s u dx q a x dx dh .  .H HH  /­nV 0 G
2­ u0 2q T y t a x dx q b t q t . 2.6 .  .  .  .H0 0 /­nG
CAN, PARK, AND ALIYEV544
Here we observe that
2 2 2­ u d ­ u ­ ut 0
a x dx s a x dx dh q a x dx .  .  .H H H H /  /  /­n dh ­n ­nG 0 G G
2­ u ­ u ­ ut h 0s 2 a x dx dh q a x dx. .  .HH H  /­n ­n ­n0 G G
Hence we get
­ u ­ ut h
F9 t s 2 uu dx q 2 a x dx dh q 2b t q t . .  .  .H HHt 0­n ­nV 0 G
Note that
u udx s f u udx y D2 u udx. 2.7 .  .  .H H Ht t
V V V
 2 .  .From the relation u u q D u s u f u , we gett t t t
1 d 1 d2 2u dx q Du dx .  .H Ht2 dt 2 dtV V
2­ utq a x dx s f u u dx. .  .H H t /­nG V
So we obtain
d 1 12 2u dx q Du dx y F u dx .  .  .H H Htdt 2 2V V V
2dE t ­ u . ts s y a x dx. .H  /dt ­nG
Then integrating the above relation with respect to t, over the interval
w x0, t we get
2­ ut h
E t s E 0 y a x dx dh . .  .  .HH  /­n0 G
Now we get for the second derivative F0 of the functional F,
2F0 t s 2 u dx q 2 uu dx .  .H Ht t t
V V
­ u ­ utq 2 a x dx q 2b . .H
­n ­nG
NONEXISTENCE OF GLOBAL SOLUTIONS 545
Also using the Green's identity we note that
­ u ­ ut22uD udx s Du dx q a x dx. 2.8 .  .  .H H H
­n ­nV V G
 .  .Hence from 2.7 and 2.8 we obtain
2 2F0 t s 2 u dx q 2 uf u dx y 2 Du dx q 2b . 2.9 .  .  .  .  .H H Ht
V V V
If we use the Schwartz's inequality,
2­ ut h2u dx q a x dx dh q b .  .H HHt  /­nV 0 G
2­ ut 22? u dx q a x dx dh q b t q t .  .H HH 0 /­nV 0 G
21G F9 t , 2.10 .  . .4
 .  .we have from 2.9 and 2.10 that
2F0 t F y 1 q g F9 .  .  .
2­ ut h2s 4 1 q g u dx q a x dx dh q b F .  .  .H HHt 5 /­nV 0 G
2y 1 q g F9 .  .
2 2qF y2 2g q 1 u dx q 2 f u udx y 2 Du dx .  .  .  .H H Ht
V V V
2­ ut hy2 2g q 1 b y 4 g q 1 a x dx dh .  .  .HH  /­n0 G
2 2G F 4 2g q 1 F u dx y 2 2g q 1 u dx y 2 Du dx .  .  .  .  .H H Ht
V V V
2­ ut hy2 2g q 1 b y 4 g q 1 a x dx dh .  .  .HH  /­n0 G
2­ ut h2s F 4g Du dx q 4g a x dx dh .  .H HH  /­nV 0 G
y4 2g q 1 E 0 y 2 2g q 1 b . 2.11 .  .  .  .
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Now we choose the real numbers b ) 0 such that
y4 2g q 1 E 0 y 2 2g q 1 b G 0, 2.12 .  .  .  .
 .for E 0 - 0, and choose t such that0
21 ­ u0
2 u ¨ dx q 2b t ) a x dx. .H H0 0 0  /g ­nV G
 .Then F9 0 ) 0 is satisfied. Finally we choose T such that0
F 0 .
F T ,0g F9 0 .
that is
u2 dx q b t 2H 0 0
V F T .0
22g u ¨ dx q b t y a x ­ u r­n dx .  .H H0 0 0 0 /
V G
Let
2
x t s F0 t F t y 1 q g F9 t , .  .  .  .  .
 .  .then we have, from 2.11 and 2.12 , that
x t G 0 .
w .  .  .for all t g 0, T , here T F F 0 rg F9 0 . Hence by the Concavity Lemma
the theorem is proved.
An Example
As an example of the first problem above, let us consider the initial-
boundary value problem
3  .  . w x  .u q u s u , t, x g 0, T = 0, 1 2.13t t x x x x
­ ut  .  .u s 0, u q s 0, t g 0, T , x s 0, 1 2.14x x ­ x
 .  .  .  . w x  .u 0, x s u x , u 0, x s ¨ x , x g 0, 1 2.150 t 0
w xgiven in one space dimension, where V ; R is the interval 0, 1 .
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In the above
1
3 4f u s u , F u s u , a x ' 1. .  .  .
4
1  .Hence for the real number g s 1r2 and for all u g R , the inequality 2.4
is satisfied.
Let
u s 20 sin p x , ¨ s 100.0 0
 .  .For the nonexistence of the global solutions of the problem 2.13 ] 2.15 ,
Theorem 1 gives us a sufficient condition, that the initial energy is negative
for global nonexistence. In this example
1 1 11 1 12 4 2 4 4E 0 s 100 dx q 400p sin p xdx y 20 sin p xdx . H H H2 2 40 0 0
34s 5000 q 100p y 40000 = 8
f y259.091 - 0.
Thus there exists a real number T such that
1 2lim u dx s q`.HytªT 0
We have carried out the computations indicating that T f 0.095.
Remark. From the Concavity Lemma we find an upper bound t s2
51.1508 for the blow up time. Hence it seems that the upper bound for the
length of the existence interval we obtain from the concavity method is not
a good estimate for the actual length of the interval.
3. THE SECOND PROBLEM
Let us now consider the second initial-boundary value problem
2  .  .  .  .u q D u q f Du s 0, t, x g 0, T = V 3.1t t
­ u ­Du
 .  .  .  .s 0, q a x Du s 0, t, x g 0, T = G 3.2t­n ­n
 .  .  .  .  .u 0, x s u x , u 0, x s ¨ x , x g V, 3.30 t 0
where V is a bounded domain in Rn with a sufficiently smooth boundary
 .G, T ) 0 is an arbitrary real number, n is the outward normal, and a x is
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a smooth nonnegative function given on the boundary of the domain V.
We assume that this problem has a local classical solution.
 .  . u  .Let f u with the primitive F u s H f j dj satisfy the inequality0
 .2.4 .
 .Multiplying both sides of 3.1 by Du one hast
Du u q D2 u s yDu f Du . . .t t t t
Using the Green]Gauss theorem, the above relation can be put in the
form
1 d 1 d2 2< < < <=u dx q =Du dxH Ht2 dt 2 dtV V
2q a x Du dx s f Du Du dx. .  .  .H Ht t
G V
So we obtain
d 1 12 2< < < <=u dx q =Du dx y F Du dx .H H Htdt 2 2V V V
dE t . 2s s y a x Du dx , .  .H tdt G
 .where the energy E t is defined by
1 12 2< < < <E t s =u dx q =Du dx . H Ht2 2V V
y F Du dx. 3.4 .  .H
V
w xIntegrating the above relation with respect to t, over the interval 0, t we
get
t 2E t s E 0 y a x Du dx dh . 3.5 .  .  .  .HH h
0 V
Now we can prove the following theorem about the nonexistence of
 .  .global solutions of the initial-boundary value problem 3.1 ] 3.3 :
 .THEOREM 2. Let u , ¨ be two smooth functions such that E 0 - 0.0 0
 .  .Then the solution of 3.1 ] 3.3 is not global.
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 .  .Proof. Suppose that u is a global solution of 3.1 ] 3.3 . To prove the
theorem, it suffices to show that the functional
t 22< <F t s =u dx q a x Du dx dh .  .  .H HH
V 0 G
2 2q T y t a x Du dx q b t q t .  .  .  .H0 0 0
G
satisfies the hypothesis of the Concavity Lemma. Here b ) 0, T ) 0, and0
t ) 0 are real constants which will be specified afterwards. Now we want0
to use the same methods in calculation for F9, F0 as in the proof of
Theorem 1.
Then we get
t
F9 t s 2 =u ? =u dx q 2 a x Du Du dx dh q 2b t q t 3.6 .  .  .  .H HHt h 0
V 0 G
and
< < 2 < < 2F0 t s 2 =u dx y 2 =Du . H Ht
V V
q 2 f Du Du dx q 2b . 3.7 .  .H
V
 .  .  .Then using the relation 3.5 , we have from 3.6 and 3.7 that
2F0 F y 1 q g F9 .  .
t 22< <G F 4g =Du dx q 4g a x Du dx dh .  .H HH h
V 0 G
y4 2g q 1 E 0 y 2 2g q 2 b . 3.8 .  .  .  .
Now we choose the real number b ) 0 such that
y4 2g q 1 E 0 y 2 2g q 1 b G 0 3.9 .  .  .  .
 .for E 0 - 0, and choose t such that0
1 22 =u =¨ dx q 2b t ) a x Du dx. .  .H H0 0 0 0gV G
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 .Then F9 0 ) 0 is satisfied. Finally we choose T such that0
F 0 .
F T ,0g F9 0 .
that is,
u2 dx q b t 2H 0 0
V F T .0
22g =u =¨ dx q b t y a x Du dx .  .H H0 0 0 0 /
V G
Now if we let
2
x t s F0 t F t y 1 q g F9 t , .  .  .  .  .
 .  .then, from 3.8 and 3.9 we have
x t G 0 .
w .  .  .for all t g 0, T , here T F F 0 rg F9 0 . Hence by the Concavity Lemma
the theorem is proved.
4. THE THIRD PROBLEM
Let us now consider the third initial-boundary value problem,
2  .  .  .  .u y Du q aD u q bD f u s 0, t, x g 0, T = V 4.1t t
­Du
 .  .  .u s 0, q Du s 0, t, x g 0, T = G 4.2t­n
 .  .  .  .  .u x, 0 s u x , u x, 0 s ¨ x , x g V, 4.30 t 0
where V is a bounded domain in Rn with a sufficiently smooth boundary
G, T ) 0 is an arbitrary real number, and n is the outward normal to the
boundary G.
 .y1Introducing the operator G s yD and applying this operator on
 .the both sides of 4.1 one obtains
y1 y1Gu q yD yD u y a yD yD Du .  .  .  .  .t t
y1yb yD yD f u s 0, .  .  .
or equivalently
Gu y aDu s bf u y u. .t t
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 .y1 1r2Since the operator G s yD is positive and self adjoint, G is
 .meaningful. Let f u with the primitive
u
F u s f j dj .  .H
0
 .satisfy the inequality 2.4 .
 .Let us multiply both sides of 4.1 by u and integrate over V:t
u Gu dx s a u Du dx q b u f u dx y uu dx. .H H H Ht t t t t t
V V V V
Using the Green]Gauss theorem, the above expression can be written as
1 d 1 d2 21r2 < <G u dx s y =u dx .H Ht2 dt 2 dtV V
d 1 d
2q b F u dx y u dx. .H Hdt 2 dtV V
 .Let us define the energy E t by
1 121r2 2E t s G u q u dx .  .H Ht2 2V V
1 2< <q a =u dx y b F u dx. .H H2 V V
Then one obtains
d
E t s 0. .
dt
w xIntegrating the above relation with respect to t, over the interval 0, t we
get
E t s E 0 . 4.4 .  .  .
 .  .Let us assume that the initial boundary value problem 4.1 ] 4.3 has a
local classical solution. Then we can prove the following theorem about
the nonexistence of global solutions of the initial-boundary value problem
 .  .4.1 ] 4.3 :
 .THEOREM 3. Let u , ¨ be two smooth functions such that E 0 - 0.0 0
 .  .Then the solution of 4.1 ] 4.3 is not global.
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 .  .Proof. Suppose that u is a global solution of 4.1 ] 4.3 . To prove the
theorem, it suffices to show that the functional F,
2 21r2F t s G u dx q b t q t 4.5 .  .  .  .H 0
V
satisfies the hypothesis of the Concavity Lemma.
 .  .To achieve this goal let us compute the derivatives F9 t and F0 t .
 .Differentiating 4.5 with respect to t one has
F9 t s 2 G1r2 uG1r2 u dx q 2b t q t , 4.6 .  .  .H t 0
V
and a further differentiation with respect to t gives
21r2 1r2 1r2F0 t s 2 G u dx q 2 G uG u dx q 2b .  .H Ht t t
V V
21r2s 2 G u dx q 2b uf u dx . .H Ht
V V
2 < < 2y 2 u dx y 2 a =u dx q 2b 4.7 .H H
V V
by using the same methods in calculation for F0 as in the proof of
 .  .  .  .Theorem 1. Then from 4.7 and from the fact that E t s E 0 in 4.4 , we
have
2F0 t F y 1 q g F9 .  .  .
22 < <G F 4g u dx q 4ag =u dxH H
V V
y4 2g q 1 E 0 y 2 2g q 1 b . 4.8 .  .  .  .
Now we choose b ) 0 such that
y4 2g q 1 E 0 y 2 2g q 1 b G 0 4.9 .  .  .  .
 .for E 0 - 0, and choose t such that0
F9 0 s 2 G1r2 u G1r2 ¨ dx q 2b t ) 0. . H 0 0 0
V
If we let
2
x t s F0 t F t y 1 q g F9 t , .  .  .  .  .
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 .  .  . w .then we have from 4.8 and 4.9 that x t G 0 on 0, T , here T F
 .  .F 0 rg F9 0 . Hence by the Concavity Lemma the theorem is proved.
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